We consider cylinders in H 2 ×R (see definitions in the introduction) and prove that a complete and connected surface in H 2 × R with the vanishing of the Gauss and extrinsic curvatures is a cylinder.
Introduction
Except for a note by A.V. Pogorelof in the Doklady in 1956 (see details in the Dover edition of Differential Geometry of Curves and Surfaces p. 415), the first time that the theorem of the cylinder in R 3 was in print was in a paper by P. Hartman and L. Nirenberg [2] which treats a more general situation but mentions explicitly the case of surface, namely, if the Gauss curvature vanishes everywhere, the surface is a cylinder. Direct proofs of this particular case were published almost simultaneously, by Massey [3] and Stoker [5] .
In this work our ambient space will be the product H 2 × R where H 2 stands for the hyperbolic plane with curvature −1. In this ambient space, we define a cylinder as the surface given by α×R where α is any regular curve in H 2 . As it is well known, a surface in a tree dimension ambient space, besides the Gaussian Curvature, has, at each point, the extrinsic curvature, which is the product of the principal curvatures. In R 3 these two curvatures coincide. In H 2 × R, they are in general different and give different information about the surface.
The goal of this paper is to prove the following result.
Let M be a complete and connected surface in H 2 × R. Then M is a cylinder if and only if both the Gaussian curvature and the extrinsic curvature vanish.
Preliminaries
Along this work, we are going to use moving frames having as reference the book [4] .
In this section, we are going to compute the Gaussian and the extrinsic curvatures of a cylinder.
Let H 2 be the hyperbolic space of dimension 2 and Gaussian curvature −1. Consider the product space H 2 × R.
As established in the introduction, a cylinder in this space is the surface M = γ × R, where γ is a curve in H 2 .
To study the geometry of such cylinders we proceed as follows. First, we observe that the metric of H 2 × R is given by
where dζ is the metric of H 2 and dt is the metric of R. The covariant differentialD in H 2 × R decomposes naturally as
where D is the covariant differential in H 2 and d is the standard differentiation in R. If we represent by ∂/∂t the unit vector field tangent to the lines p × R, where p is any point of H 2 , then we obtain
Let γ be a curve in H 2 that we assume parameterized by the arc length s. Take the following frame field adapted to the cylinder M = γ × R: e 1 = ∂/∂t, e 2 = γ ′ , e 3 normal to γ and tangent to H 2 . The dual forms are then ω 1 = dt, ω 2 = ds and ω 3 = 0. The metric of M is then given by dt 2 + ds 2 , hence M is isometric to Euclidean plane and so its Gaussian curvature is identically zero.
Represent by ω ij the connection forms in M , given byDe i = ω ij ∧ e j , where ω ij + ω ji = 0. We then have 0 =D(∂/∂t) =De 1 = ω 12 e 2 + ω 13 e 3
Hence, ω 12 = 0 and ω 13 = 0. It follows that
We have thatD e 3 = ω 31 e 1 + ω 32 e 2 and so, the forms ω 31 and ω 32 give information about the principal curvatures k 1 and k 2 . Since e 2 = γ ′ thenDe 2 must be tangent to H 2 and must annihilate the vector ∂/∂t. Therefore, ω 23 must be of the form −λω 2 . The fact that ω 31 = 0 and ω 32 = λω 2 tell us that the extrinsic curvature k 1 k 2 at any point of M is zero. We thus have proved the following proposition that is the necessary condition of the result we want to prove in this work.
Proposition 2.1 Let M be a cylinder in H 2 × R. Then M has both extrinsic and intrinsic curvatures identically zero.
3 Asymptotic lines passing through parabolic points of M .
Consider a complete surface M with extrinsic and intrinsic curvatures identically zero in H 2 × R. Represent by P the set of planar points of M , that is, the points where principal curvatures are zero. Define U = M − P , the set of parabolic points of M , that is, the points with one of the principal curvatures zero and the other, not zero. The direction with principal curvature zero is called an asymptotic direction and a curve whose tangent vectors are in asymptotic directions is an asymptotic line. It is clear that by a parabolic point passes a unique asymptotic line. Finally, we observe that P is a closed set of M and, consequently, U is an open set. Take p ∈ U . Let γ be the asymptotic line passing through p parameterized by arc length. In an open neighborhood of p take an orthonormal frame field e 1 , e 2 , e 3 where e 3 is normal to M and e 1 = γ ′ . Let θ 1 , θ 2 be the dual forms corresponding to e 1 and e 2 . The connection forms will be given bȳ By the choice made, the fields e 1 and e 2 are principal being the principal curvatures k 1 = 0 e k 2 = 0. Hence,D e 1 e 3 = 0 whileD e 2 e 3 = k 2 e 2 . Thus, θ 31 (e 1 ) = 0, θ 32 (e 1 ) = 0 and θ 31 (e 2 ) = 0, while θ 32 = k 2 θ 2 . It follows thatD
We can also obtain information about θ 12 by observing that, since
Therefore, θ 21 = λθ 2 .
Rewriting the above equations in terms of γ we obtain
Thus, γ is a geodesic segment in H 2 × R contained in M . Therefore, our proposition is proved. We also conclude that the fields e 2 and e 3 are covariantly constants along γ.
We can go further and prove that if one of the asymptotic lines is extended as far as possible, it never goes into P . We state that in the following proposition. Proposition 3.2 Let M be a complete surface of H 2 × R with both, extrinsic and intrinsic curvatures identically zero. Let γ be a maximal asymptotic line passing through a parabolic point p ∈ U ⊂ M . Let P be the set of planar points in M . Then γ ∩ P = ∅.
To prove this proposition we make use of the following lemma. Lemma 3.3 Let M be a surface in H 2 × R Assume that M has both the extrinsic and intrinsic curvatures identically zero. Let H be the mean curvature of M . Along an asymptotic line γ, mentioned above, parameterized by arc length s, we have
To prove this lemma we will use the frame field already mentioned.
As we have seen θ 21 = λθ 2 and θ 32 = k 2 θ 2 . I claim that
The proof of these equations is simple. We start from the equation
By one side we have dθ 21 = Kθ 1 ∧ θ 2 = 0. By the other side
The proof of the second equation is done in a similar way. We have
By one side we have dθ 32 = θ 31 ∧ θ 12 = 0 since θ 31 = 0. By the other side
Thus, (k 2 ) 1 − λk 2 = 0 and along γ we have k ′ 2 − λk 2 = 0. This concludes the deduction of the two equations.
The proof of the lemma can be done in the following way. First we observe that, along γ we have 2H = k 2 . Hence, it is sufficient to prove the result for k 2 .
d ds
This proves the lemma. Proof (of the proposition): Suppose that a maximal asymptotic line γ passing through p ∈ U contains a point q ∈ P . Since γ is connected and U is open in M then there exists a point p 0 = γ(s 0 ) in γ such that p 0 ∈ P and the points γ(s) with s < s 0 belong to U .
On the other hand, we have seen that, along γ, for s < s 0 , we have H(s) = 1/(as + b) where a and b are constants. Since the points of P have mean curvature zero, then we should have
that is a contradiction and concludes the proof.
Umbilic surfaces with zero extrinsic and intrinsic curvatures
Let M be a connected surface in H 2 × R which has both, extrinsic and intrinsic, zero curvatures. As before, let P be the set of points of M where the principal curvatures are equal to zero and U be its complement.
Proposition 4.1 Let P be a complete and connected surface in H 2 × R that has Gaussian and extrinsic curvatures identically zero. Then, in a neighborhood of any of its points P contains a product of an arc of geodesic of H 2 by a line segment..
Before we start the proof of this proposition lets examine how are the geodesics of H 2 × R. Let γ be one such geodesic and letγ be the projection of γ on H 2 . Let f be the projection of γ on R. We return now to the proof of the proposition. Let P be the surface for which k 1 = k 2 = 0 and the Gaussian curvature is also zero everywhere. Choose an orthonormal frame field e 1 , e 2 , e 3 , such that e 3 is normal to P . Then e 1 , e 2 are tangent to P and are principal vector fields. Let ω 1 , ω 2 , be the dual forms corresponding to e 1 , e 2 and let ω ij be the connection forms. We will then have
It follows that the field e 3 is parallel along P . In fact we will have:
what proves our claim. Define f = e 3 , ∂ ∂t , then df = 0 and hence f is constant on each connected component of P . By hypothesis P is connected. Assume also that f ≡ 0 on P . In this case ∂/∂t is tangent to P at each point. Thus, the line (integral curve of ∂/∂t) is contained in P , or it has a segment contained in P . And this happens on each point of P . It follows that P contains a product of an arc of curve γ of H 2 by a segment of line.
We can then take e 1 = γ ′ (s) and e 2 = ∂/∂t. It follows ω 1 = ds and ω 2 = dt. As a consequence of this fact, ω 12 = 0. Hence γ ′′ (s) =D e 1 e 1 = ω 12 (e 1 )e 2 + ω 13 (e 1 )e 3 = 0 Therefore, γ is a geodesic on H 2 .
Now, consider the case in which f is equal to a constant c = 0. Take p ∈ P , then p = (p, t) wherep ∈ H 2 and t ∈ R. Consider the surface H 2 × {t}. Then p ∈ H 2 × {t}. Let γ be the curve intersection of P with H 2 × {t}. Then we have γ(s) = (γ(s), t). By taking different values of t we obtain a family of curves γ t (s) = (γ t (s), t).
Take an orthonormal frame field such that e 1 = γ ′ t . Then we have e 1 , ∂/∂t = 0. Thus 0 = d e 1 , ∂/∂t = ω 12 e 2 + ω 13 e 3 , ∂/∂t = e 2 , ∂/∂t ω 12
Here we have used that e 1 is a principal direction.
If e 2 , ∂/∂t = 0 then e 3 will be parallel to ∂/∂t. Then e 1 and e 2 are tangent to H 2 and so P (or an open set of P ) coincide with the surface H 2 × {t} for a value of t. But then, in an open set the value of the Gaussian curvature of P is −1 and not zero. This is a contradiction.
Therefore we must have ω 12 = 0. Take the function g = e 2 , ∂/∂t . Observe that dg = ω 21 e 1 + ω 23 e 3 , ∂/∂t = 0.
Therefore, g is constant and different from zero. Let α be the integral curve of the field e 2 . The same argument used in the case of the curve γ shows that α is a geodesic and that its projection in H 2 is a geodesic on H 2 . Since the fields e 1 and e 2 are orthonormal we have that γ and α are perpendicular in their intersection. Since γ = (γ, t) and α = (α, as + b) then γ ′ = (γ ′ , 0) and α ′ = (α ′ , a) it follows that the geodesicsγ andα are also perpendicular. Observe now that the construction of these two geodesics can be done at any point of P thus generating a network of perpendicular geodesics on H 2 . But then we would have on H 2 families of rectangles, that is, geometric figures formed by four arcs of geodesics, that, when they have intersection, they are perpendicular. This can not occur. The result follows from classical hyperbolic geometry or can be obtained as a simple application of Gauss Bonnet Theorem.
This proves that, in a neighborhood of any of its points P contains a product of an arc of geodesic of H 2 by a line segment. This concludes the proof of the proposition.
The main result
In this section we are going to prove the sufficient condition of the result we proposed to prove in this work. We start by proving the following proposition that presents a more precise statement of the previous one.
Proposition 5.1 Let M be a surface complete and connected in H 2 × R that has both, the Gaussian and the extrinsic, curvatures identically zero. Let P be the set of planar points of M and U = M − P . Then, the interior of each connected component of P , say P 0 , will be a product γ × R where γ : (a, b) → H 2 is an open arc of geodesic of H 2 . Furthermore ∂P 0 are the two lines γ(a) × R and γ(b) × R.
Proof: Let P 0 be a connected component of P and p be a point of interior of P 0 . By proposition (4.1) we know there is an open arc of geodesic α and an open interval I such that p ∈ α × I ⊂ interior of P 0 . We now extend I to a complete line L. Observe that L is a geodésic of the ambient space and it is also a geodésic of M since L ∩ M ⊃ an interval.
I first claim that L cannot leave P 0 . If L leaves P 0 it will reach a point q of U . In a neighborhood V of q we may take a frame field e 1 = ∂/∂t, e 2 , e 3 normal to M . This choice is possible since L has an arc contained in U passing through q. For this choice we will haveDe 1 = 0 what implie that θ 13 = 0 and so, the arc of L in U is an asymptotic curve. Such curves are unique passing through each point of U and do not intercept P , as we have already seen. This proves the claim.
Our second claim is that L cannot reach any point of ∂P 0 .
To show this claim we first observe that L is not contained in ∂P 0 since p ∈ L and p ∈ interior of P 0 . So, starting from p, there is a first point q ∈ ∂P 0 where the line L touches ∂P 0 .
Take a small neighborhood V of p. The lines that cross this neighborhood are separated in two classes, the ones at the right and the ones at the left of L. Even if the classification is done using V it can be extended to all points of the line L and the lines will not change class along this procedure. In particular, at the point q we must have lines at the left side and at the right side of L. But, since q belongs to ∂P 0 then we will have only lines at one side of L. The other ones will contain points of U. This is a contradiction that proves our claim.
It then follows that P 0 is foliated by entire lines and furthermore interior of P 0 is the product γ × R, where γ is an arc of geodesic of H 2 , say γ : (a, b) → H 2 . Observe that ∂P 0 must be a line, as the limit of lines, and, as such, P 0 = γ × R, where γ : [a, b] → H 2 is a geodesic with extremities, and ∂P 0 consists of two lines γ(a) × R and γ(b) × R.
This proves our proposition.
Now we prove our main theorem. As we already said this is the sufficient part of the result we mention in the Introduction whose proof is the goal of this paper. We observe that the necessary condition was already proved in the section "Preliminaries".
Theorem 5.2 Let M be a complete and connected surface in H 2 × R for which both the Gaussian curvature and the extrinsic curvature vanish. Then M is a cylinder. Proof: Let M ⊂ H 2 × R be a complete and connected surface that has the Gaussian and the extrinsic curvatures identically zero. Let P be the set of planar points of M and U = M − P be the set of parabolic points of M . Assume P = ∅. By the previous proposition each connected component P i of P is a product γ i × R where γ i : [a i , b i ] → H 2 is an arc of geodesic of H 2 with extremities, and ∂P i is formed by two lines γ i (a i ) × R and γ i (b i ) × R.
Consider the intersection P i (H 2 × {t 0 }). This is a curve α that has a point α(s 0 ) on ∂P i . We may extend such a curve getting into U. Through each point of this curve in U it passes a unique asymptotic curve γ that is also a geodesic of the ambient space. Such geodesics are either one line or have the form γ(s) = (γ(s), as + b) whereγ is a nontrivial geodesic of H 2 . Assume this is the case. The family of such geodesics indexed by the points of α in U , has a limit that must be the linep i × R contained into ∂P i or a linep × R not necessarily in ∂P . But then, the limit of the family of the geodesicsγ must be the pointp i , what is not possible. Therefore, the curves γ mentioned are lines and each connected component of U must be the product of an arc of curve in H 2 by R. This proves the theorem for the case P = ∅.
Assume now that P = ∅. Take then the curve α = S ∩ M . Through each point α(r) there is a unique geodesic γ r of the ambient space. Such geodesic is either a line or γ r (s) = (γ r (s), a r s + b r ), beingγ r a geodesic of H 2 .
Claim: If for a point of α passes a line contained in M then each geodesic γ r would be a line and M would be a productα times a line.
Indeed, If such is not true, then there exist points α(r) for witch the corresponding lines of curvature are of the form γ(s) = (γ(s), a(s)).
The family of such geodesics would have to converge to one line. But then the geodesicsγ would have to converge to one point. This is a contradiction.
Thus our conclusion is that either M is the product α × R or the lines of curvature passing through points of α are of the form γ(s) = (γ(s), a(s)). Let's prove that the second possibility cannot occur. Claim: If α(r 1 ) = α(r 2 ) then the corresponding mentioned geodesics do not intersect each other.
Indeed. We have α(r i ) = (α(r i ), a), i = 1, 2. If the geodesics are lines, then the lines go through two distinct points of H 2 and so, the do not intersect. Assume that they intersect. The point of intersection is a point of U = M and so, through it passes a unique asymptotic line that is a geodesic of the ambient space. Since the two geodesics are asymptotic lines they would have to coincide. This is a contradiction that proves the claim. Now we observe that, since M is complete, connected and has zero Gaussian curvature, then exp p : T p M → M is an isometry of the Euclidean space T p M onto M . This is in the literature, but can be easily found in [1] page 464 (Corollary and Proposition 7). Then the inverse image of the geodesics γ going through points of α are lines on T p M . Since distinct geodesics do not intercept then their inverse image are parallel lines. We can say more, since parallel lines are equidistant, then the geodesics mentioned are also equidistant.
Remember that the metric on H 2 × R is given by
where dς is the metric on H 2 and dt is the usual metric on R, and the metric d M of M is just the restriction of d σ to M . Take any two mentioned geodesics, say γ 1 and γ 2 . Since such geodesics are equidistant, given any point p 1 ∈ γ 1 there exists a point p 2 ∈ γ 2 such that
We know that p 1 = (p 1 , a 1 ) and p 2 = (p 2 , a 2 ) wherep 1 ∈γ 1 and p 2 ∈γ 2 beingγ 1 andγ 2 geodesics of H 2 . Then we have
But, in H 2 , d ς (p 1 ,p 2 ) is unbounded, that is, for any given positive number λ there are pointsp 1 ∈γ 1 andp 2 ∈γ 2 such that d ς (p 1 ,p 2 ) = λ. This is a contradiction with the fact that γ 1 and γ 2 are equidistant and proves the theorem.
